Integrable Harmonic Functions on Rn  by Natan, Yaakov Ben & Weit, Yitzhak
File: DISTIL 312601 . By:DS . Date:03:07:01 . Time:06:39 LOP8M. V8.0. Page 01:01
Codes: 3450 Signs: 1379 . Length: 50 pic 3 pts, 212 mm
Journal of Functional AnalysisFU3126
journal of functional analysis 150, 471477 (1997)
Integrable Harmonic Functions on Rn
Yaakov Ben Natan*
Institute of Mathematics, The Hebrew University of Jerusalem, 91904 Israel
and
Yitzhak Weit-
Department of Mathematics, University of Haifa, Haifa, 31905 Israel
Received August 19, 1996; accepted February 18, 1997
A class of radial measures + on Rn is defined so that integrable harmonic func-
tions f on Rn may be characterized as solutions of convolution equations fV += f.
In particular we show that fV e&2 V ? |x| = f, f # L1(e&2? |x| ) is harmonic if and only
if n<9.  1997 Academic Press
1. INTRODUCTION
If f is an harmonic function on Rn and + is a radial measure, +{$0 , with
+(Rn)=1 then, by the mean value property, we have
|
Rn
f ( y&x) d+(x)= f ( y) \y # Rn.
or
f V += f. (1-1)
What about the converse?
If f is bounded, since every radial non-trivial measure is adapted (that is,
the group generated by its support is dense in Rn), it follows by the
ChoquetDeny theorem that f #C.
If we drop the boundness condition then one circle does not suffice and
we have the famous ‘‘Two Circles Theorems’’ of Delsarte for harmonic
functions [4] and of L. Zalcman for analytic functions [8].
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In [6] Koranyi posed the following problem for L1-weighted functions
on Rn:
Let d+=cn e&2? |x| dx on Rn where +(Rn)=1. Does Eq. (1-1) for f # L1(d+)
imply that f is harmonic?
Obviously, a necessary condition is that every exponential in L1(d+)
which satisfies (1-1) is harmonic.
The main purpose of our paper is to show that in some cases this condi-
tion is also sufficient.
In [6] Koranyi proved that there are non-harmonic exponentials in
L1(d+) which satisfy (1-1) if and only if n9. The harder problem of
characterizing harmonic functions by (1-1) for n<9 was left open in [6].
In this paper we obtain the expected characterization as a corollary of our
main result.
For similiar results on symmetric spaces see [1, 2, 6].
2. PRELIMINARIES
Definition 2.1. For real w let L1w(R
n) be the space of all functions in
Rn such that
|
Rn
| f (x)| ew |x| dx<,
and let Lw, r(R
+) be the space of all radial functions g on Rn such that
sup
x # Rn
| g(x)| ew |x|<.
This space is the dual of the Banach space L1&w, r(R
+) of all radial func-
tions in L1&w(R
n).
For w>0 we write
7w=[z # C | |Iz|w].
Definition 2.2. Let U # C(7w). If U is holomorphic in the interior of
7w , and
sup
z # 7w
(1+|z| 2)k |U (m)(z)|< (2-1)
for all non-negative integers m and k then we say that U is a rapidly
decreasing function on 7w . Let Se(7w) be the algebra of all such even
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functions with pointwise multiplication, topologized by the family of semi-
norms (2-1), and let Se, E (7w) be the subalgebra of Se(7w) of all such func-
tions that vanish at E & 7w .
Definition 2.3. Let u # C(R+) and w>0. If
sup
r>0
(1+r)k |u(m)(r)| ewr< (2-2)
for all nonnegative integers m and k we say that u is a weighted rapidly
decreasing function on R+ with the weight ewr. The algebra of all such
functions, considered as radial functions in Rn, with convolution in Rn,
topologized by the seminorms (2-2) is denoted by Sw, r(R+).
Definition 2.4. Let U # C(T ), where
T={(z1 , ..., zn) # Cn | |Izi |<- nn , 1in= .
If U is holomorphic in T and
sup
|:| N
sup
z # T
(1+|z| 2)N |D:(U )(z)|<, (2-3)
for every non-negative integer N, then we say that U is a rapidly decreasing
function on T . Here D: is a differential operator of order :. S(T ) denotes
the algebra of all such functions with pointwise multiplication, topologized
by the family of seminorms (2-3).
Definition 2.5. u # C(Rn) is a weighted rapidly decreasing function
on Rn with the weight e(1- n) 
n
i=1 |xi | if
sup
|:| N
sup
x # Rn
(1+|x| 2)N |D:(u)(x)| e(1- n) 
n
i=1 |xi | < (2-4)
for every nonnegative integer N. The algebra of all such functions with con-
volution, topologized by the seminorms (2-4) is denoted by S1(Rn).
We have the following:
Theorem 2.1. The radial Fourier transform in Rn is a topological
isomorphism from Sw, r(R+) onto Se(7w).
Before we sketch the proof of Theorem 2.1 we need some lemmas.
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Lemma 2.2. The map \ : T [ 7o1 , where
\(z1 , ..., zn)=\ :
n
i=1
z2i +
12
is well defined.
One may use the maximum modulus principle for pluriharmonic func-
tions and some elementary calculus to prove Lemma 2.2. For this lemma
and the next one note that for negative \2 the image of \ is contained in
the closed unit disk.
Lemma 2.3. If F # Se(71) then F b \ # S(T ).
To prove this note that F has an expansion into a series of nonnegative
and even powers in the open unit disk.
Lemma 2.4. The Fourier transform is a topological isomorphism from
S1(Rn) onto S(T).
This is proved by induction. In the case n=1 we use the inverse Fourier
transform of the restriction of f # S(T ) to the appropriate boundary line
of T, and then change the path of integration in the inversion formula.
Sketch of proof of Theorem 2.1. We shall concentrate on proving that
the Fourier transform is onto.
Without loss of generality we may assume w=1.
Let F # Se(71). By Lemma 2.3, F b \ # S(T ). By Lemma 2.4, F b \ is the
Fourier transform of h # S1(Rn). The restriction of F b \ to Rn is clearly
radial, so the inverse Fourier transform h is also radial. This proves that
F is the radial Fourier transform of H( |x| )=h(x), x # Rn. Using H( |x| )=
h(( |x|- n), ..., ( |x|- n)) with the chain rule we get H # S1, r(R+).
The main ingredient of the following theorem is the BeurlingRudin
result on closed ideals in the disk algebra. It follows immediately from the
proof of Theorem 1.1 in [3].
Theorem 2.5. Let $>0 and let the set E of common zeros of
g0 , ..., gr&1 # Se(7w(1+$)) in 7ow(1+$) be finite. Suppose
lim sup
|t|  
e&(? |t|2w(1+$)) log | g0(t)|=0
and that for every point of E $=E & 7ow there is a gi which has a simple zero
there. Then the ideal of Se, E $(7w) generated by the gi’s is dense in Se, E $(7w).
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By Fubini’s theorem we have
Lemma 2.6.
(v V h, f )=(v, f V h)
for every v # L1w(R
n), h # Lw (R
n) and f # L1&w(R
n).
From the proof of Theorem 2.1 we have
Lemma 2.7. For every n there is a p such that every even holomorphic
function U in 7ow which satisfies
sup
z # 7w
(1+|z| 2)k |U (m)(z)|<
for all non-negative integers mp and k, is a radial Fourier transform of a
radial function u # L1w(R
n).
3. MAIN RESULTS
Now we are ready to present our main theorem.
Theorem 3.1. Let d+0=h0(x) dx, ..., d+r&1=hr&1(x) dx be a set of
radial absolutely continuous measures on Rn with +i (Rn)=1 and
hi # Lw, r(R
+) for some w>0. Suppose that there is a $>0 such that each
h i is meromorphic in 7ow(1+$) with a finite number of poles, the only common
zero of h i&1 in 70w(1+$) is 0, and at least one of h i (z)&1 has a simple zero
at 0. Then every function f # L1&w(R
n) which satisfies
f =f V +i (3-1)
for all 0ir&1 is harmonic in Rn.
Proof. Since we may assume by a standard averaging procedure [3,
Theorem 3.1] that f is radial we have to prove that f is a constant function.
It is clear that f # L1&w, r(R
+) and by (3-1) that it satisfies f V (hi&$0)=0,
where $0 is the Dirac measure at 0.
Since hi # Lw, r(R
+) is integrable on Rn we can apply the Riemann
Lebesgue lemma to conclude that h i vanishes at infinity on the real axis.
Hence, if we multiply h i&1 by a rapidly decreasing function that vanishes
exactly at the poles of h i in 7ow(1+$) and does not decay too fast to zero at
infinity we get functions gi that fit in Theorem 2.5. This and Theorem 2.1
mean that the set of sums r&1i=0 ui V gi , where ui # Sw, r(R
+), is dense in
Sw, r(R+) and hence *-dense in the subspace Lw, r, [0](R
+) of Lw, r(R
+) of
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functions whose Fourier transform vanishes at 0, or equivalently, whose
integral is 0.
A double application of Lemma 2.6 shows that f is annihilated by
Lw, r, [0](R
+). Since (L1&w, r(R
+))*=Lw, r(R
+), we may say that f is
annihilated by the annihilator in (L1&w, r(R
+))* of the (closed) one dimen-
sional subspace B=span([1]) of L1&w, r(R
+), which by [7, Theorem
4.7(a)] means that f is a constant. K
Now we use the above method with some modifications to answer
Koranyi’s problem affirmatively.
Theorem 3.2. Let
h(x)=cne&2? |x| where cn=
?(n+1)2
1 \n+12 +
. (3-2)
Then the equation
f V h= f (3-3)
has non-harmonic solutions in L1&2?(R
n) if and only if n9.
Proof. By [6], the radial Fourier transform of h(x) is
h (s)=(1+s2)&(n+1)2 (3-4)
and it obtains the value 1 in 71"[0] if and only if n9, implying that
there are non-harmonic exponentials in L1&2?(R
n) if and only if n9.
Hence, for n<9 and n odd our result follows directly from Theorem 3.1.
For even n, let E denote the union of [&i, i] with the finite set of simple
zeros of (1+s2)&(n+1)&1 in 71+$ , and let k # Se, E (71+$). Then
 (z)=
k (z)
1&(1+z2)&(n+1)2
=
k (z)(1+z2)n+1
(1+z2)n+1&1
+
k (z)(1+z2)(n+1)2
(1+z2)n+1&1
. (3-5)
It is clear that the first summand is in Se(71+$). If we assume that k has
a zero of an appropriate order we may deduce by Lemma 2.7 that  is in
L1w(R
n). By (3-5) we get k= V ($0&h). By Lemma 2.6 we see that
f V k=0 for every k such that k # Se, E (71+$) with zeros of order greater
than some p in \i and with simple zeros at the rest of E. Using the proof
of the main theorem with the needed modifications we get
f = :
s # E
:s.s ,
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where :s # C, and the .’s are Bessel functions. Substituting in (3-3), using
.s V h(x)=.s(x) h (s) (see [5, Intro.]) we get by (3-4) that we must have
:s=0 for s{0, which completes the proof of the theorem. K
Remark 1. The case n=1 follows immediately from the equation
(e&|x| )"=&e&|x|+$0 . Indeed if f V e&|x|= f then f V (e&|x| )"= f " O
f V (e&|x|+$0)= f " O 0= f ". Similar weights may be found for each n by
solving 2h=&h+$0 .
Remark 2. By Theorem 3.1 we may consider the pair of measures (3-3)
and h1=e&? |x|
2
, to characterize harmonic functions on Rn for n9.
Indeed, h1@(s)=e&?s
2
and hence the two Fourier transforms of the measures
get the value 1 simultaneously only for s=0.
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